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Abstract 
Respiratory sinus arrhythmia (RSA) is heart rate variability in synchrony with respiration although its 
functional significance not clear. The loss of sinus arrhythmia may indicate underlying heart failure or 
disease; therefore, there would be a great advantage of knowing how it works and affects the cardio-
respiratory system, especially by providing a mathematical model. To this end, Windkessel model and 
cardiovascular partial differential equations are used to obtain cardiac output based on the elasticity of left 
ventricle, which is related to RSA. By solving the corresponding equations, it would be possible to propose 
a new model to predict the RSA effects on cardiac output.  
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Introduction 
Studies related to respiration and heart rate variation have been a great controversy over a century 
and have continued as a field of study to the present day. The acceleration of the heart rate after inspiration 
and deceleration of it during expiration, respiratory sinus arrhythmia (RSA) [1], which is used as an index 
of cardiac vagal tone and contributes to heart rate variability [2]. The R-R interval on an ECG is an 
indication of RSA which is shortened and prolonged during inspiration and expiration correspondingly [3]. 
Although the mechanism of RSA and the factors affecting it have been studied extensively, the 
physiological significance of RSA remains elusive [2]. To explain RSA phenomena, researches have 
focused on three primary mechanisms as follow, a) There is a direct communication between the respiratory 
center and the heart-rate centers by central nervous system [4]. Heart rate is controlled by the activity of 
premotor cardio-inhibitory parasympathetic neurons (CPNs) in the brainstem, and RSA is mediated in part 
by central respiratory modulation of CPN activity [5], b) An indirect control through blood pressure, c) A 
reflex control in response to stretch receptors in the lungs and chest [4]. It is widely accepted that the loss 
of RSA is a prognostic indicator for cardiovascular disease and the prominent presence of RSA indicates a 
healthy cardiac system; however, the reasons for this are still being debated [6]. 
Hayano et al. (1996) suggested that matching ventilation and perfusion in the lungs is the 
physiological function of RSA [7] which in turn leads to optimize the amount of oxygen uptake and carbon 
dioxide removal. Moreover, Hayano and Yasuma (2003) hypothesized that RSA is an intrinsic resting 
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function of the cardiopulmonary system and decreases the energy expenditure of the cardiopulmonary 
system by reducing the number of heart beats during expiration [8]. Furthermore, Giardino et al. (2003) by 
measuring the equivalents of carbon dioxide and oxygen during paced breathing claimed that gas exchange 
efficiency increases with RSA [9]. 
The process of gas exchange in the lungs has been modeled in 2006 and studied from different 
perspectives in detail at different levels. Ben-Tal (2006) concerned these interactions via the gas exchange 
process which is regarded as the controlled system. He consumed the pleural pressure and the cardiac output 
as the controlled variables and the partial pressures of oxygen and carbon dioxide as the measured variables 
[10]. In 2012, Ben-Tal et al. used the model of gas exchange in mammals to calculate gas exchange 
efficiency during fast, normal and slow paced breathing. They found that although gas exchange efficiency 
improved with slow and deep breathing and also with increased mean heart rate (HR), this was unrelated 
to RSA. However, the model used in their study did not include feedback mechanisms of the cardio-
respiratory system and numerical simulations were performed by pre-setting the heart rate variations [2]. 
He also used the model with direct central respiratory modulation of the parasympathetic cardiac signal as 
the main mechanism for RSA and includes blood pressure control via the baroreflex in 2014. They 
confirmed that RSA minimizes the work done by the heart while maintaining arterial carbon dioxide [6].  
In order to continue research in this area, a simple quantitative model of cardiovascular variability 
was proposed by Buchner in 2018 that presented the relationship between the RSA and blood pressure 
fluctuations [11]. O’Callaghan et al. (2019) reported that reinstatement of RSA would improve cardiac 
function in rats with heart failure by ventricular remodeling. They proposed that RSA pacing reverse-
remodels the heart in heart failure, thus it could be considered as a new form of cardiac pace-making. In 
other words, they suggest that RSA optimize oxygen delivery to the heart with increasing workload [1]. 
Moreover, O’Callaghan et al. noted that respiratory modulated heart rate (RMH) pacing did not improve 
the ejection fraction; nevertheless, Samuel H.H. Chan (2020) suggested the main reason could be that 
cardiac pacing is directed primarily against reduced heart rate. He claims that a combination of RMH pacing 
and cardiac contractility modulation (CMM) may be better for patients who suffer from decrease in heart 
rate and ejection fraction  [12]. 
 Indeed, RSA could be an indicator for diagnosing cardiovascular disease and sudden cardiac death. 
Therefore, during reduced coronary blood flow and oxygen supply, the absence of RSA may promote 
cardiac remodeling [13]. Many questions are still existed in cardiovascular regulation and providing related 
answers may not only push forward the studies, but also provide new methods to diagnose the risks and 
lead to more efficient patient handling. As Maja Elstad et al. (2018) stated, providing mathematical and 
computational models are needed to better understanding the putative role that RSA plays in stabilizing 
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systemic blood flow at respiratory frequencies and also to examine and test hypotheses not easily tested in 
experimental models without ethical concern [13]. 
 Considering strong evidence that a loss of RSA in cardiorespiratory diseases would affect cardiac 
work efficiency, has led to the idea to investigate a mathematical modeling of the effect of RSA on cardiac 
output and also survey the results on large animals in order to verify the outcomes. Interaction of RSA on 
cardiac output is not fully understood and provides motivation for developing the mathematical models 
presented in the following section. The preclinical part could be carried out by using analogue biofeedback 
device and modulating cardiac pacemaker spike frequencies as stated in [1]. The elasticity commonly 
exhibits a longer term variation which is one of the main causes of RSA [14]. The purpose of this study is 
to present a mathematical modeling of the cardiac output and RSA, which is dependent on elasticity of left 
ventricle.  
 
Methods 
Our study consists of four sections: model development, numerical and analytical solution, 
preclinical analysis and verifying the investigation. To present the final model, first the cardiovascular 
partial differential equations and Windkessel model will be described. 
1- Mathematical model: The following differential equations for cardiovascular system in order to 
assessing the blood pressure curve are presented below [14].  
𝐶𝑒𝑃?̇? =
𝑃𝐿𝑉 − 𝑃𝑒
𝑅𝑒(𝑡)
−
𝑃𝑒 − 𝑃𝑎
𝑅𝑎
+ 𝑓(𝑡) 
𝐶𝑎𝑃?̇? =
𝑃𝑒 − 𝑃𝑎
𝑅𝑎
−
𝑃𝑎 − 𝑃𝑣
𝑅𝑣
 
𝐶𝑣𝑃?̇? =
𝑃𝑎 − 𝑃𝑣
𝑅𝑣
−
𝑃𝑣 − 𝑃𝐿𝑉
𝑅𝐿𝑉
 
𝑑
𝑑𝑡
(
𝑃𝐿𝑉
𝐸𝐿𝑉(𝑡)
) =
𝑃𝑣 − 𝑃𝐿𝑉
𝑅𝐿𝑉
−
𝑃𝐿𝑉 − 𝑃𝑒
𝑅𝑒(𝑡)
− 𝑓(𝑡) 
These equations reproduce the dominant features of the blood pressure curve, the dicrotic notch (a 
small dip in the blood pressure curve associated with aortic valve closure), and the variation due RSA. In 
all equations, P is pressure, C is compliance coefficient and R can be thought as the effective resistance to 
flow. The subscripts e, a, v, LV represent exit, arterial, venous and left ventricle and dots indicate the 
derivative with respect to time. Also, 𝑓(𝑡)  =  𝑐4exp (−
𝑐5(𝑡−𝑡𝑛−𝑐6∆𝑡)
2
(∆𝑡)2
) presents a  model of the dicrotic notch. 
The constants 𝑐4, 𝑐5, 𝑐6 indicate the height of the pulse, the sharpness and the position of the center. The 
resistances of aortic valve must be time dependent as follow: 
𝑅𝑒(𝑡)  =  𝑅𝑒0 [1 + 𝜖1(exp (−𝐴1(𝑝𝐿𝑉 − 𝑝𝑒))] 
where 𝑅𝑒0 is the constant value when the valve is fully open. Also, we consider 𝜖1 = 10
−5  and 𝐴1 = 0.5. 
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The elasticity of left ventricle is presented as follow: 
𝐸𝐿𝑉  =  𝐸𝑑  +  𝑎(𝑡)(𝐸𝑠  −  𝐸𝑑) 
𝑎 (𝑡) = {
sin2 (
3𝜔(𝑡 − 𝑡0)
2
)       𝑡 − 𝑡0 ∈ (0. 𝑇𝑠𝑦𝑠)  
0                              𝑡 − 𝑡0 ∈ (𝑇𝑠𝑦𝑠. 𝑇)
 
where the diastolic elasticity 𝐸𝑑 is constant. Moreover, to model RSA with heart rate varying with 
respiration, 𝜔 would be: 
𝜔 = 𝜔0 + 𝑐3 sin (
𝜔0𝑡
𝑐2
) 
The peak in the elasticity height varies over the longer time-scale associated with RSA. Considering 
this, the systolic elasticity would be:  
𝐸𝑠 = 𝐸𝑠0 + 𝑐1 sin (
𝜔0𝑡
𝑐2
) 
where the constants 𝑐1, 𝑐2, 𝑐3 represent half the variation of elasticity height, the number of heart beats per 
respiration (typically around 5) and half the variation of ω, respectively. Typical parameter values are 
presented in table 1.  
Table 1: Parameter values of cardiovascular equations [14] 
Parameter Value Units Parameter Value Units 
𝑐1 0.1 mmHg/ml 𝑐2 6 Beats/breath 
𝑐3 0.01 𝑠
−1 𝑐4 500  
𝑐5 4log100  𝑐6 7.5  
𝑅𝑎 0.06 s.mmHg/ml 𝑅𝑣 0.016 s.mmHg/ml 
𝑅𝐿𝑉 1.2 s.mmHg/ml 𝑅𝑒0 0.016 s.mmHg/ml 
𝐶𝑒 1.5 ml/mmHg 𝐶𝑎 1.5 ml/mmHg 
𝐶𝑣 50 ml/mmHg 𝑇 0.9 s 
𝑇𝑠𝑦𝑠 𝑇/3 s 𝐸𝑑 0.06 mmHg/ml 
𝐸𝑠0 3 mmHg/ml 𝜔0 7.54  
 
2- Windkessel model: Cardiac output (CO) is a key hemodynamic variable that is commonly used 
to establish differential diagnoses and monitor disease progression. Figure 1 shows a Windkessel model 
which describes the basic morphology of an arterial pressure pulse [15].  
 
Figure 1. Circuit representation for the Windkessel model. 
In the electrical circuit analog in Figure 1, a single resistor R, representing total peripheral 
resistance (TPR), and a single capacitor C, representing the aggregate elastic properties of all systemic 
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arteries and the pumping action of the heart is presented by Q(t). By using Windkessel model, the cardiac 
output can be estimated from the following equation [15].  
𝐶𝑂𝑛 = 𝐶𝑛(
∆𝑃𝑛
𝑇𝑛
+
𝑃?̅?
𝜏𝑛
) 
where ∆𝑃𝑛 is the beat-to-beat pressure change at the onset times and 𝑃?̅? is the average arterial blood pressure 
over the 𝑛𝑡ℎ cycle. Moreover, 𝑇𝑛 is the duration of the 𝑛
𝑡ℎcardiac cycle, i.e., the beat that begins at time 𝑡𝑛 
and ends at time 𝑡𝑛+1 (so 𝑇𝑛 = 𝑡𝑛+1 − 𝑡𝑛) and 𝜏𝑛 = 𝐶𝑛𝑅𝑛, during which ∆𝑃𝑛 and 𝑃?̅? can be calculated as 
∆𝑃𝑛 = 𝑃(𝑡𝑛+1) − 𝑃(𝑡𝑛) 
𝑃?̅? =
1
𝑇𝑛
∫ 𝑃(𝑡)𝑑𝑡
𝑡𝑛+1
𝑡𝑛
 
This proposal aims to connect the pressure in CO equation to the pressure and elasticity of left 
ventricle which lead to a non-linear system of differential equations. By solving these equations and using 
the cardiac output equation, the effect of RSA on CO in the case of RSA presence and absence can be 
compared. Also, preclinical study would provide data to verify the model. This model would be relatively 
simple compared to some of the previously-published models. However, it can still reproduce a wide range 
of physiological observations and it can be used to study the causes and benefits of RSA, as well as making 
novel predictions. 
 
Limitation of study 
Challenges in solving a system of non-linear differential equations and also making a precise 
approximation by a linear system would make some limitation thorough the study. Furthermore, obtaining 
the relevant data from the animals may bring about some challenges that maybe uncover in the process of 
handling the research/recording and measuring the desired data. 
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